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Abstract 

Let {T,t) be a predual quantum Markov semigroup acting on the full 2 x 2-matrix 
algebra and having an absorbing pure state. We prove that for any initial state uj, 
the net of orthogonal measures representing the net of states {T,t{uj)) satisfies a large 
deviation principle in the pure state space, with a rate function given in terms of the 
generator, and which does not depend on uj. This implies that {T^t{^)) is faithful for 
all t large enough. Examples arising in weak coupling limit are studied. 

1 Introduction 

The integral representation of states on a unital separable C*-algebra establishes that 
each state is the barycentre of a measure concentrated on the set of pure states P ( |14] ) . 
There are in general various such representing measures, a class of which is the so called 
orthogonal measures. In the case of the algebra of compact operators on some separable 
complex Hilbert space Ti., when the state lu is given by the positive trace-one operator 
p, to each diagonal form p = "^"^i ai\ei) {ei\ is associated the orthogonal measure 
M = X^i^i 'Ji^uic >(c I ' where Lo^^.yi^^.^ is the pure state given by the projection |ei)(ei| 
(note that such a measure is uniquely determined by p if and only if all eigenvalues are 
simple). 

In this paper we study large deviations for nets of orthogonal measures, and in 
particular when these nets are given by a quantum Markov semigroup acting on the 
full 2 X 2-matrix algebra Al2- More precisely, let (7t) be such a semigroup having an 
absorbing state Uoa (i.e., in physical terminology, (7t) converges to the equilibrium), 
and let (Xt) denotes its predual semigroup. For each initial state uj, we consider the 
net of states {T,t{io)). Our main result establishes that when Uoo is pure, the net of 
orthogonal measures representing (Xi(cj)) satisfies a large deviation principle in P with 
powers (l/t); the rate function takes the values {0, rj — a, +<x} where a, rj axe parameters 
given by the generator of (Xt), and in particular it does not depend on uj (Theorem 
|4|. This gives an exponential rate of "purification" of the state T,t{uj) in terms of the 
generator, in the large deviation sense (i.e. the rate with which the mass assigned to 
sets not containing the limit state vanishes) . This rate is given by the eigenvalues of the 
operator J7^*(|ei){ei|), where ei is the unit vector determining ujoo, and J a completely 
positive operator on M2 appearing in the generator. As a consequence, we obtain an 
exponential rate of convergence of the semigroup on projections (Corollary [T}; this 
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result can be interpreted as a noncommutative large deviation principle as defined by 
the author in previous works, and the so-called "rate operator" is exactly e7*(|ei){ei|) 
(see Remark [T|. 

The proof rests essentially on two operator-theoretic ingredients: the first one is 
the well-known form of the generator of quantum Markov semigroups acting on all 
bounded operators on Ti, and having a pure stationary state; the second one is a 
general result that we prove for these semigroups, when they act on M2 and admit an 
absorbing state. It establishes that Xt(Lj) is faithful for all states uj 7^ Uaa and all t large 
enough (Theorem[3]); this property will be, in turn, recovered as a consequence of large 
deviations. By a compactness argument combined with large deviations techniques, 
this result allows us to reduce the proof of the general initial state case to the one given 
by ij, where / is the identity. 

Although we are mainly interested by orthogonal measures arising from dynamics 
as above, we begin in section [5] by considering a general family of such measures {H 
infinite dimensional), for which we give sufficient conditions to have large deviations 
(Proposition [1]). This requires recent results in large deviation theory, and in particular 
a notion of exponential r-smoothness, weaker than the usual exponential tightness 
(E])- We then specialize to the case where Ti is A'^-dimensional and the net of states is 
converging (Proposition [2]). 

The problem of large deviations for orthogonal measures given by the evolution of 
quantum Markov semigroups is posed even in absence of convergence; this contrasts 
with the usual approach where it is the distance to some limit state which is measured. 
As a motivation to study in this way the asymptotic behavior we can mention some 
models of information dynamics, where algorithms are represented by the semigroups, 
the input by the initial state and the output by the limit state, which is typically pure 
(ID); the complexity of the state under the evolution is represented by its support. 
Indeed, our large deviations describe the rate with which this support decreases. 

In fact, the method used here for the two-dimensional case gives some indications 
about possible extensions to higher dimensions. Since the main tools for the proofs 
are the representation of the generator given by Theorem [1] and large deviations tech- 
niques, which both are valid in higher dimensions, we could reasonably expect that 
similar results hold at least in finite dimensions when there exists an absorbing pure 
state (the infinite dimensional case is more delicate because of the non-compactness of 
the pure state space). A crucial argument in the proof uses the fact that the operator 
2/ in (m is diagonalizable, which is a particular feature of dimension two; this suggests 
that in dimension N , some extra conditions on the generator may have to be add. Note 
that Proposition [2] shows that a strict A''- dimensional analogue of the large deviation 
principle proved here would imply the convergence of eigenvectors. It is likely that such 
a large deviation principle implies its noncommutative counterpart, namely an expo- 
nential rate of convergence on projections (see Remark [1]); in other words, part (6) of 
Corollary [T] should admit a generalization. Since any noncommutative large deviation 
principle admits a unique rate operator ([5], Proposition 5.2), a natural question arises: 
Is this rate operator still given by ^*(|ei)(ei|)? Or coming back to the classical set- 
ting: Do the eigenvalues of ^*(iei){eij) still correspond to the finite values of the rate 
function? On the other hand, the only hypothesis in Theorem [T] being the existence of 
a stationary pure state, a similar study can be made in more general situations when 
there is no absorbing state. For instance, when there is a set Sao of pure states such that 
for each initial state lo, Ttt{oj) converges to some element of Sao\ we should then obtain 
various rate functions indexed by the elements of Soc ■ This kind of semigroups belongs 
to the class of the so-called "generic" semigroups, which arise in an extended version of 
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the weak coupling limit ( [l] ) . A class of such semigroups admitting an absorbing pure 
state (i.e. Soo contains only one element) is studied in Section O 

1.1 Notations and background material 
1.1.1 Quantum Markov semigroups 

Let TC he sl complex separable Hilbert space, and let K{TC) be the set of compact 
operators acting on H. Let P be the pure state space of KiTL) provided with the 
weak* topology, and note that P is completely regular Hausdorff, and compact when 
TL is finite dimensional. For each x G K{7{), we denote by x the map defined on P by 
x{u)) = ui{x), and note that x is continuous. The full A'' x A-matrix algebra is denoted 
by Mm- By convention, for any self-adjoint p G Mm, the expression p = X^^j ai\ei){ei\ 
has to be considered as a formal sum (i.e., Oi can be zero), which means that the set 
{ei : 1 < j < N} is an orthonormal basis diagonalizing p, where each a is an eigenvector 
corresponding to the eigenvalue a^. 

Let ojp denotes the state given by the positive trace-one operator p. When p admits 
a diagonal form p = X^i^i BLi\^i){^i\, we will consider the measure p = X^i^i >(e i ' 

where the sum has to be understood in the sense of the weak topology for Borel measures 
on P. It is easy to see that p is an orthogonal measure representing uip, in the sense of 
the theory of integral representation of states (;14 ). Clearly, when TL has dimension 2, 
each state distinct of 1/2 is represented by a unique orthogonal measure. We shall use 
the following lemma whose proof is straightforward. 

Lemma 1 For any net {iot) of states on Mm and any state ui on Mm , the following 
statements are equivalent. 

(i) lim udt ~ 

(ii) Lo (resp. ujt) is represented by an orthogonal measure p (resp. pt) such that 
lim pt{x) — p{x) for all x G Mm; 

(Hi) lim pt{x) = p{x) (x G Mm) for all orthogonal measures pt and p representing cut 
and Lu, respectively. 

By a quantum Markov semigroup acting on A/2, we mean a u)*-continuous one- 
parameter semigroup (7t)t>o of completely positive linear maps on AI2 preserving the 
identity /. We denote by (7*t) the predual semigroup, and by {T,t) the associated 
semigroup acting on M2, obtained by identifying cjp and p. In other words, (Xt) is 
a strongly continuous semigroup of completely positive contractions on M2 defined by 
the relation ^.j^^jp) = Ttt[i^p) for all states tUp and extended by linearity. A state oj 
is stationary if 7^i(aj) = to for all t > 0, and a state Woo is said to be absorbing if 
lim Tit (u^) = 1^00 for all states u; note that an absorbing state is stationary. 

In the following theorem, we collect various results that will be used in the sequel. 
They appear in [8], and are valid more generally for uniformly continuous quantum 
Markov semigroups acting on the algebra of all bounded operators on Ti infinite di- 
mensional. 

Theorem 1 Let (%) he a quantum Markov semigroup on M2 having a stationary pure 
state given by the projection |e){e|. Then there exist y,z\,Z2 in M2 such that the 
following hold. 
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(a) The generator C, of (T^t) has the form 

VpG A/2, C4p) = yp + py' + Jip), (1) 

where J is defined on AI2 by J{p) = X^^^i Zipz* . 
(h) ye — y*e = zie = 226 — 0. 

(c) y is the generator of a one-parameter semigroup of contractions {Ct)t>o on TC, 
and the semigroup {St)t>o on M2 defined by St{p) — CtpCt , satisfies for allt > 0, 

Vp>0, 0<St{p)<%t{p) (2) 

and ^ 

f,t =St+ I %t-sJSsds. (3) 
Jo 

1.1.2 Large deviations 

We recall now some large deviations results for a net {pt)t>o of Borel probability 
measures on a completely regular Hausdorff topological space X. For each [—00, +00 [- 
valued Borel measurable function h on X, we put /^('''(e"') = {j^e^^'-'^'' p,t{dx)Y^* , 

and define A(/i) = loglim/i('^'(e"') when the limit exists. By definition, {p,t) satisfies 
a large deviation principle with powers if there exists a [0, +oo]-valued lower 

semi-continuous function J on X such that 

limsup /i(^'(F) < sup e"'''^' for all closed F C X 

and 

sup e"'^'^-' < liminf pl\^'^(G) for all open G C X; 

J is called the rate function for (p^J^), and for each Borel set A C X such that 
sup^izlnt(A) e""^'^' = supj,g34; e"'''^', the limit lim/ij''*(A) exists and satisfies 

lim/i''''(yl) = supe--"*") (4) 

(such a set A is called a J-continuity set). The following notions have been introduced 
in 1. 

Definition 1 The net (fit) is exponentially r-smooth if for all open covers {d : i € /} 
of X and for all e > 0, there exists a finite set {Gi^ , Gi„ } C {Gi : i £ 1} such that 

limsup/i''''(X\ U G^^)<e. 

l<j<N 

Definition 2 A class A of [—00, +00 [-valued continuous functions on X is said to be 
approximating if for each x £ X, each open set G containing x, each real s > 0, and 
each real r > Q, A contains some function h satisfying 

e S e < 1g V e . 
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Under exponential r-smoothness, the existence of A(-) on some approximating class 
A is sufficient to get large deviations, with a rate function which can be expressed in 
terms of A. However, with slight extra conditions on A, this expression is substantially 
simplified (16^, Corollary 2 and Corollary 4). This variant is stated in the following 
theorem, and will be used in the proof of Proposition [T] 

Theorem 2 Let A be an approximating class of bounded above functions such that for 
each X G X, each open set G containing x, and each real s > 0, A contains some 
function h satisfying 

i{x} < e*" < 1g V e~^ 

// (fit) is exponentially r-smooth and if A{h) exists for all h £ A, then (fit) satisfies a 
large deviation principle with powers (l/t) and rate function 

J{x) = sup {—A{h)} for all x £ X. 

2 Large deviations for orthogonal measures 

In this section, we first give sufficient conditions for a net of orthogonal measures to 
satisfy a large deviation principle (Proposition [!}. Next, we specialize to the case where 
Ti. is finite dimensional and the net of states is converging (Proposition [2)). 

Proposition 1 Let {uJt)t>o be a net of states on K{Ti.), where each ujt is represented 
by the orthogonal measure /it — X]i^o'^*'''^^|e t><= tl' '^^'^ assume that the following 
conditions hold: 

(i) limjv limsup(5]^^ ai,t)^/* = 0. 

(ii) The net {toi^^. ^^(e. (|)t>o converges in P, for all i G N. 
(Hi) lima^{* exists for alii gN. 

Then, (/it) satisfies a large deviation principle with powers (1/t) and rate function 

J{lj) = sup {-A(/i)} for aU lu £ P, (5) 

h£A,h(ui)=0 

where A — Ucjgp with Auj the set of all finite infima of elements in {—\x — x{uj)\ : 
x€K{H)}. 

Proof. By (ii), for each i £ N there exists ei £ Ti. such that limojie^ j)(ei t| ~ '-^\ei)(ei\- 
Let Qo be an open cover of P, and let for each i £ N some d £ Qo containing uu^^^^i..^. 
By (i), for each e > there exists £ N such that limsup(5]]^^ +i ii.t)"'^''' < £• 
Since for each t >0, 

JVe oo 

with Gi containing ^| for all i £ {0, N^} and all t large enough, we get 

limsup/iy*(P\ u£oG«) < e. 
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This shows that (/it) is exponentially r-smooth since Qq is arbitrary. For each lo £ P, 
each open set G d P containing uj, and each s > 0, by definition of the u)*-topology, 
there exists a finite set Kuj,g,s C K{Ti.) such that 

1{.} < e-="P^^^-.G,= < 1g V 

hence A is an approximating class for P satisfying the hypothesis of Theorem [2] For 
any u> £ P and any finite subset K C K{Ti.), there is some N (^'N such that 

N 

limsup/iy'(e-*="P-e^l*-"(">l) =limsup(^a,,te-'="P-eKl<=,.t,-=.,t>-"(-)l)i/t 

i = l 

= sup lima,'('e-="P-eicl(=.,t.-<=.,t>— Wl =iini^J/*(e-*="P-e^l*-*(")l), (g) 

l<i<]V 

where the first equality follows from (i) and the second from (ii) and (Hi). Since u; and 
K are arbitrary, lim/iy'(e*'') exists and so A(/i) exists for all h € A. By Theorem [21 
(/it) satisfies a large deviation principle with powers (1/t) and rate function ((SJ. q 



Lemma 2 Let (pt)t>o 6e a net o/ hermitian matrices in Mm converging in norm to 
a hermitian matrix p = X^^^ ai|ei)(ei| with a\ > ... > ajy. T/ien /or each t large 
enough pt admits a diagonal form pt ~ Y2iLi'^i,t\^i,t){^i,t\ such that lim a^^t = ii and 
lim |ei,t)(ei,t| = |ei)(ei| (in norm) for all i G {1, A*'}. 

Proof. Let nii^t denote the multiplicity of Oi^t (1 < i < A^). Since pt converges 
in trace-norm, the assertion concerning the eigenvalues follows from the well-known 
inequality X^ili I"! ^ '^».tl — IIP ~ Pt||i where || ■ ||i denotes the trace norm ([l^). Let 
£ < ^min^'^^llfli — ai+i\}. Since (pt) is uniformly converging, it converges in norm 
resolvent sense, so that £']'^'._g converges uniformly to E^^ _^ — E^^ -^ for 

each i £ {1, A''}. For each e' < e/4 we have 



E'' = E'' 

{ai} ]ai— £,ai+e[ j j i^i — c -rc , z 'rn t 



lim£f' ^rV— / ^„ 

j = l ^' 

N "11, t 

— lim \ ^ pPt _ y ^ \ ^ pPt 

^ t Z—' m ■ t l''l-S'''l+ = lnla3,t-e',aj,t + e'[ — "J" ^ -C']ai-e,ai+e[n]aj_t-£:',aj_j+e'[ 

= lim V Sf* , _^ „ = limSf* , _^„=lim£;f -,. 

Similarly we get limt -E^^. = -^'{a } ^'^^ i G {2, TV}, which proves the lemma, q 

Part (a) of the following proposition shows that when (tjpt ) converges to some state 
u)p^ , and under some extra condition on eigenvectors, large deviations for a suitable 
representing net of orthogonal measures are determined by the asymptotic behavior of 
the eigenvalues of pt- The interesting case occurs when uip^ is not faithful, otherwise 
the rate function is trivial since r = A''; it gives then the rate with which the 
support of pt gets smaller. Note that by Lemma [2] the hypotheses are always satisfied 
in dimension 2 when uJp^ 7^ |/, and in particular when ojoo is pure. Although this will 
not be used in the sequel, it is worth noticing that (assuming limtjpj = poo) a large 
deviation principle with rate function ((Tjl implies the convergence of some eigenvectors, 
as establishes (b). 



6 



Proposition 2 Let {u)p^)t>o be a net of states on Mn, and assume that (wpt) w*- 
converges to some state LOp^. Let ai^t > ■•• > ajv,t be the eigenvalues of pt, and 
ai > ... > Or be the non-zero eigenvalues of poo counted with multiplicity (ai — for 
i > r), and consider the following property {Pi) for any i £ {1, A''}. 

(Pi) For each t large enough ai^t (resp. ai) admits an eigenvector Ci^t (resp. ei) such 
Then, 

(a) If (Pi) holds for all i £ {1,...,A'^}, then the associated net (pt) of orthogonal 
measures satisfies a large deviation principle with powers (l/t) if and only if 
lim J log ai,t exists for all i £ {r + 1, N}. In this case, the rate function is 

( if |e)(e| G {\e,){e,\ : 1 < i < r} 

J{uJi,)(e\) ^ < -lim i log ai,t if |e){e| = |e,){e,j, r + l <i< AT (7) 

[ +00 elsewhere. 

In particular, for each i £ {1,...,A'^} and for each open set G C P containing 
tj|e.)(e. I such that Gn {tJ|e .)(e ■ I : 1 < j < N,j 7^ i} = 0, lim j log pt{G) exists and 
satisfies 

lim J log pt{G) = lim - log a^,*. 

(b) Conversely, if (uip^.) is represented by a net of orthogonal measures (pt) satisfying 
a large deviation principle with rate function ^ (where poo ~ X^I^i 

then (Pi) holds for alii where J{ij^^.^^^.^) < +00. 

Proof. Assume that (Pi) holds for all i G {1,...,A'}. The convergence of states 
implies lim||pt — poo|| = so that lim ai,t = Oi for all i £ {1, ...,N}, and in particular 
lima^{* = 1 when 1 < i < r. Assume that lima^(* exists for all i £ {r + 1,...,A'^}. 
All the hypotheses of Proposition [1] hold, and the large deviations follow for (pt), with 
rate function given by ([5]). Let (.<J|e)(e| G P- For each h £ A with h,(ci;|e)(e|) — 
there exist ui' £ P and a finite set K C Mn such that h = mfxsK{ — \x — x{uj')\} and 
^\e){e\{^) = ^'{^) for Bull x £ K. We put ~ h, and Ci = lim j log ai,t for all 

i £ {1, N}. By (O we have 

Mf^K,ui') = sup (ci— sup lim |{ei,t,a;ei,t)— i.tj'(a;)j) = sup (ci— sup |(ei, a;ei) — (e, se) |), 

l<i<N x&K \<i<N x£K 

(8) 

so that A(/i) = for all ft G .4 when |e){e| G {|ei){ei| : 1 < i < r} (since in this case d — 
0), hence J{u)\i.){e\) = by ([SJ. Assume now that \e){e\ ^ {|ei)(ei| : 1 < i < N}. Let x £ 
Mn such that {ei,xei) 7^ {e,xe} for all i £ {1, A^}, and put 5 = infi<i<jv \{ei,xei) — 
{e,xe}\. For all M > there exists ta/ > such that inf j (ei, rM2;ei) — {e,rMxe)\ > M, 
and since by (|5J 

-A(/i{rjvfa:},i^') > ^^inf^ |{ei,r-Ma;ei) - {e,rMxe)\, 
we get by letting M +00, 

+00 = snp{-A{hirMx},u:')} < sup {-A{h)}, 

M hl^A,h('^\a){^\)=0 

that is J([i;|g)^ej ) = +00. Assume now that |e) (e| = |ei)(ei| for some jG{r + l,...,A''}. 
By the extended version of Varadhan' theorem for [—00, +00 [-valued bounded above 
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functions (see Corollary 3.2 of (3), large deviations imply that lim ij,y*{x*) exists for all 
positive X G A/jv, and satisfies lim fi]^'^ (x^) — sup^^px{uj)e~''^"\ Taking x = \ei){ei\ 
yields 

limM,'^'(|^n= sup \{u,e,}\\-''^-l-n^l\ 
uen,\\u\\=i 

and by the preceding cases we see that the only possible non-zero value of the map 

\u){u\ 1-^ ei)pe~'''"l"><"l' is obtained at the point |e,;){ei|, so that 

lim/i.'/'d^K^n = e-'("l<=.><=.l\ 
Since lim{ei, ej.t) = for all j i and lim{ei, ei^t) = 1, it follows that 

\imny*(\ei){ei\ ) = max {lima /^^{ei,ej,t)f} =lima,Y/ 

l<j<N ' 

hence J(a;|e;)(e. |) = — lim j log a^^t. We have proved the "if part of the first assertion 
of (a), and the second assertion. If {^t) satisfies a large deviation principle with powers 

(l/t), then lim/ij'''(|ei)(ei| ) exists and 

lim^j''*(|ei)(ei| ) = max {lim sup aj''/| (e^, ej,t) j^} = lim a^^C (9) 

l<j<N ' 

for all j € {r + 1, A'^}; this proves the "only" part of the first assertion of (a). The 
last assertion follows from Q since ((Tj implies that any open set G G P containing 
|ei){ei| with G n {|e-,){ej| : 1 < j < A^, J 7^ i} = 0, is a J-continuity set. The proof of 
(a) is complete. 

Assume that the hypotheses of (6) hold. The extended version of Varadhan's theo- 
rem together with ([7]) yield for each iG{l,...,A'^}, 

lim^y(|ei)(ej| ) = max {limsupaj''/j{ej, e-,-,t)j^} (10) 

l<j<N ■'' 

= sup I (?t, ei)|^e~'^''^l"><"l' = lim a]"'^*. 

Let s be the greatest integer less than A' such that lima^{* > for all i < s, and note 

that s > r > 1. By (|10|) we have lim a^/ = lim a^''/|{ei, ej,t)P for some j G {1,...,A'^}. 
If J = 1, then clearly lim |{ei, ei,i)| = 1 and the conclusion holds. If s = 1 the proof 
is complete so let us assume that s > 1. Assume that j > 1. Since limaY^ > limaj''/ 

we have necessarily lima^^ — limaj''/ and lim |{ei, ej,t)| = 1. With the new labeling 
of the eigenvalues of pt obtained interchanging (l,t) and {j,t), the conclusion holds for 
the first eigenvector. Suppose that the result holds for alH — 1 < s, and assume that 

lima-// = lima]''/|{ei,ej,i)|^ 

for some j £ {1, A^}. Since lim \ej.t){sj.t\ = for all j < j — 1 and lima^(' > 0, 

it follows that j > i, and the proof is the same as for the case i = 1. We conclude with 
a finite recurrence (note that at each step the new labeling preserves the inequalities 
lima^{* > limaY^ when j > i). q 
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Proposition 3 Let {uJt)t>o be a net of states on Mn- If (lOt) is represented by a net 
of orthogonal measures which satisfies a large deviation principle with a rate function 
vanishing at a unique point then limojt = "^leXei • 

Proof. Let fit = X^i<i<jv o,i,tSui^^, ^| be the orthogonal measure representing ujt as 
above, let e > 0, let a; € Mjv with ||a::|| = 1, and let G be the open neighborhood of 
u}\e){e\ defined by {tj € P : \uj{x) - c<;|e)(e| (2:)] < e}. Then, 

/^'(*) = 5Z ai.'^|e,.t)<e.,t|(a;) + "■i,t'^\e.,t){e,,t\i^) 

(11) 

and note that 

E aM^k.,,>K,iW <Mi(-P\G). (12) 

We have 

^!<!)(e|(^) 5Z a,i,t-e E ffli.t < 

«i.t^|e..t><e..t|(2;) < E ai,t(a;|e)(ei(2;) +e) 

< +£. 

Let e and get 

'^le)(e\{x) E < E ai,tLJ|e.^)(e.^|(s) < aj|e)(e|(a;) 

l<i<]V,ti)|^. jSG l<i<]V,ti)|^. |eG 

(13) 

The large deviations and the hypothesis on the rate function imply that lim fit {P\G) = 
(exponentially fast) hence 

lim ^ ai,t = lim /it (G) = 1, 

and (O yields 

lim "■i.t^K.t){<^i.t\(^)^'^W){<^\i^)- (14) 

i<«<iv.-|e,,,><e.,,|eG 

Then (fTTj) . (fT2)) . (fTl)) give lim/it(a;) = a'|e)(ei (a;), which proves the proposition by 
Lemma [1] |— | 



3 The case of states arising from quantum Markov 
semigroups on M2 

In this section, we first prove a general property of quantum Markov semigroups on 
M2 having an absorbing state (Theorem (J)). Looking the state space of M2 as the 
unit ball in K^, it says that when the absorbing state looo is on the sphere (i.e., pure), 
%,t{u3) approaches ojoo remaining inside the open unit ball, for all states ui 7^ uJoo. This 
property is crucial for the proof of the large deviations result (Theorem 
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Theorem 3 Let {%) he a quantum Markov semigroup acting on M2, and having an 
absorbing state ujrx- Then, for each state uj 7^ uuoo, %,t{ijj) is faithful for all t large 
enough. 

Proof. Clearly, the conclusion holds when ujoo is faithful, so that let us assume that 
uOao is pure given by some projection |ei)(ei|, and let 62 be a unit vector orthogonal 
to ei. First assume that is a pure state given by a unit vector e = aiei + 0:262 
with 0:2 7^ 0, and suppose the conclusion does not hold. There exists a sequence {tn) 
such that Xt„(|e)(e|) is a rank-one projection for all n G N. Let (St), J ,y, zi, Z2 as in 
Theorem [T] and note that yei = y*ei =0 implies that y is normal and diagonalizes in 
the basis {61,62}, hence j/62 — 762 for some 7 G C. Put —77 = 7 + 7, and note that 
—ri < since —77 is the least eigenvalue of y + y* ■ For each n G N, let m„ be a unit 
vector such that {u„,%t„{\e){e\)u„) = 0, and get by ([2]) and ((3| 

/ {u„,%t„~s{\zie"^e){zte"^e\)u„)ds = 0, 
i=i Jo 

and so for i G {1, 2} and for each s G [0, tn] 

{u„,%t„-a{\zie"^ e) (zic"^ e\)u„} = 0. 

Since 

^e^y e) {e"^ e\ = |ai |^ |ei)(6i| + |a2|^e"'"'|e2)(e2| + aiai6°'^|6i) {62I + Q2ar6*^|62)(ei| 
we get for i G {1,2} 

sy \ / sy \ I |2— STji \/ i 

\zie "e){zie "e\ — \oi2\ e \zie2){zie2\ 

hence 

Vn G N,Vs G [0,t„] {un,%si\zie2}{zie2\)u„) =0. (15) 
Put Zie2 = ai,i6i + 02,^62 for i G {1, 2} and get 

'fts(\zie2}{zie2\) = lQi,il^lei)(ei| + |a2,i|^'7',s(|62)(62j) + 02^0:1, iT,s(|ei){62!) 

+ ~^a2.^%s{\e2){el\). (16) 

By ([3]) we have 

t„(|62)(e2|) = 6-=''|e2)(e2i + ^ f^s-ri^^W"' e2){e'-' e2\z:)dr 

2 

= 6-=''|e2){62|+ V r e-"'f,s-r{\z^e2){z,e2\)dr. (17) 

Then, 

2 

t„(|6i)(e2|) =5.(|ei)(e2j) + ^ f %,.r[z,\e'-^ e^){e^'' e2\z*)dr ^ 

i=i Jo 

2 

5.(|6i)(62|)+^ /'t„_,(!2,ei)(2,e'-^e2l) =5.(|6i)(62|) =6^"|ei)(62l. (18) 
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In the same way we get 

f,s{\e2){eA)=e^-'\e2){e,\. (19) 
Then (O, (0, US]) give for each n G N, 

{u„,'fts{\zie2){zie2\)u„) = |ai,i |^|(ei, u„) |^ + +27?.e(aT7a2,ie^^(ei, u„)(w„, 62)) 

+ i"2,ii^{ltn,7'*s(|e2){c2|)u„) 

= |Qi,i|^l{ei,u,j)|^ + 27^e(aT7a2,ie''^{ei,it„){u„,e2)) + |Q2,i|^e"'"'(]{e2, u„) 

+ l«2.i|^^/ e^'''^{Un,f,s-r{\Zje2){Zje2\)Un)dr. (20) 

By l|15p and (|20l) we obtain for each n G N and each s G [0, in] 

|ai,i|^|{ei,u„)|^ + 27?.e(aT7a2,ie°^{ei, 62)) + |a2,i|^e~°''|{e2, m„)|^ = 0. (21) 

Taking the hmit when n ~* +00 in (|21[) with s = tn yields 

hm|Qi.,|^|{ei,u„)|^ =0, (22) 

n 

and psp with s = gives 

Vn G N, ai,i{ei,it„) + a2,i(e2,Mn) = 0. (23) 

First assume 0:2, i = 0. If Qi,i 7^ 0, then jit,i)(tin| = |e2)(e2| for all n G N by (|23p . and 
([2]) implies 

Vn G N, {e2,St„(|e)(el)e2) = (e*"^e2, |e)(e|e*"^e2) = |Q2|'e-*"'' = 

which gives the contradiction since 02 7^ 0. It follows that Qi,i = 0, and so 2; = 0. 
Assume now 02, i 7^ 0. It is easy to see that (1221) and (|23|l imply lim{e2,'itn) = and 
ai,i = 0, hence |Mn)(Mn| = |ei)(ei| for all n G N, which gives the contradiction since 
lim(ei,7;t„(|e){e|)ei) = 1. We obtain finally that ([22} and JSSj imply zi = Z2 = 0, 
that is T.i = St for all t > 0. Since min cr(7;i„ (|e){e|)) = and tr(7;t„(|e){e|)) = 1, we 
have 

l = llS't„(le)(el)ll = sup {I«il'l(u,ei)l' + la2l'e-*"''l{u,e2)|' 

+27?.e(ara2e*"^{ei, u){u, 62))}, 
and letting t„ — > +00 it follows that 

1 = sup {|ai|^|(u, ei)|^}, 
iie'H,||u||=i 

which implies |q:i| = 1 and the contradiction since 0.2 7^ 0. The theorem is proved 
when u) is pure. Assume now that uj is given by some strictly positive operator p, i.e. 
cl < p< I ior some c > 0. Since St{cl) = 06*^^+"*', (O gives 

ce"*'' = mma[St{cI)) < min (T(T»t(p)), 

which shows that Tttiy) is faithful for all t > 0. q 

The following theorem is our large deviation result. It shows that when (7t) has 
an absorbing pure state ujao, and for any initial state ujp 7^ lOoo, the net (7Itt(ajp)) 
converges exponentially fast (in the large deviation sense expressed by (|24|l 'l toward 
uJoo with rate rj — a, where 77, a are parameters given by the generator. Note that (|24p 
implies a2,t,p > for all t large enough, so that Theorem |3] contains Theorem O 
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Theorem 4 Let {%) be a quantum Markov semigroup on M2, and having an absorbing 
pure state I ■ Let y, z\, Z2 be the parameters of the generator Ct as in Theorem\l\ 

and let 62 be a unit vector orthogonal to e\. Then for each state ujp 7^ cij|ej^){ej^|, the net 
(/^t.p) of orthogonal measures representing (Tftii^p)) satisfies a large deviation principle 
with powers (l/t) and rate function 

r if |e)(e| = |ei)(ei| 

J{'^\e){e\) = I V-a- if |e)(e| = |e2)(e2| 

[ +00 elsewhere, 

where a = |{2ie2,e2)P + 1(2262,62)^ and rj is the greatest eigenvalue of —{y + y*); 
moreover, r) — a > Q. In particular, the rate function does not depend on the initial 
state uOp, and for each open sets G C P containing \e2){e2\ such that jei){ei| ^ G, 
Mm J log fit. p{G) exists and satisfies 

lim i log fit.p{G) = lim i log a2.t,p = a~ri, (24) 

where a2,t,p is the least eigenvalue ofTttip)- 

Proof. Let Up 7^ cu^^-^^^^-^^ be a state, and let %,t{p) have the diagonal form T,t{p) ~ 
Yli=i '^i,t,p\si,t,p){ei,t,p\ as in Lemma[2l By Proposition [2] we only have to check that 
limaj'^/p exists and equals e""''. Since 

t,t(/) =t,t(lei)(eil) +Z41e2){e2l) = |ei)(ei| + Z4|e2){e2l), (25) 
by (|17p we have 

mma{%t{I)) < {e2,f,t{I)e2) = {e2,f,t{\e2){e2\)e2) (26) 

= e *'' + ^ / e ^"^ {e2,ftt-s{\zie2){zie2\)e2) 
i^i Jo 

and by using the first equality of (|20p (with 62 in place of u„ and t — s in place of s), 
the last above equality becomes 

{e2,%t{\e2){e2\)e2) ^e-'" +a f e-''' {e2,%t-s{\e2}{e2\)e2) 

Jo 

with a = |q2,iP + lQ2,2p- By putting u{t) = {e2,%t{\e2){e2\)e2) for all t > 0, and 
applying the Laplace transform, it is easy to see that the equation 

u{t) — e~''' + a I e~"^u{t — s)ds 
Ju 

has the unique solution 

Vt>0, u(t) = e'("-''\ (27) 
with a ~ ri < (since lim(e2, 'Zst(|e2)(e2|)e2) = 0). It follows from (|26p that 

limsupmina(7;t(/))''" < lim(e2, (ie2) {e2l)e2)'/* = e""" < 1. (28) 

For each t > let ut be a unit vector such that 

mincr(7;t(/)) = {ut,%t{I)ut). 
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By (f25)) we have 

mma{f,t{I)) = !W,ei)|^ + {ut,%t{\e2){e2\)ut). 
Let (ut-) be a subnet of (ut) such that 

hminf mincr(7;t(/))^/' = Hmmm cr(7;t^. (J))^/*^ 

and get 

hminf mincr(7;t(J))^/* = hmsup |(itt^ , ei)|^/*J V hmsup{iit^ , i\e2){e2\)ut.y^'^ . 

(29) 

Let (ut^) be a subnet of (utj). Then \utf,}{ut^\ has a subnet |ut,)(wtj| converging to 
some projection If |w){it| 7^ |e2)(e2|, then liminf min(T('7it(/))^''* = 1, which 

contradicts (|28|) . Therefore, |M)(it| = |e2)(e2| and since the subnet \ut^}{ut^\ is arbi- 
trary, \ut){ut\ converges to ]e2)(e2|. Put ut = 6i,tei + 62,462 for all t > 0, and get 

K,Z,^(|e2)(e2|K) = \bi,t,\'{e^,%t,{\e2}{e2\)er} + \b2,t,\'{e2,%t,{\e2){e2\)e2} (30) 

+bi,tjb2,tj {ei,%tj (|e2) (621)62) + b2.tjbi,tj {e2,T*tj (|e2){e2j)6i). 
Then ^ combined with ^ yield 



Wt>0, (ei,T.t(!62){62|)62) = a / e-'''{6i,Zt_4|62){e2|)62)ds, 

Jo 

and by an application of Laplace transform we get as unique solution 

{ei,t,t(i62){e2|)62) =0 foraUf>0. (31) 

Similar calculations yield 

{e2,t,t(|62){e2|)6i) =0 foraUf>0. (32) 

It follows from ((ST]) and ([SOj that 

K,X4^.(|e2){62i)ui,)>lfe2,t,f6*^("-"). 

Since lim \utj){utj \ = |62){e2|, we have lim \b2.tj \ = 1 and by (fM)) 

liminfmincr(7;t(/))'/* > lim sup{ui^. , Z-t^. (I62) {e2|)Mt^ )'/*^' > e""". (33) 

Then ((28| and ((33| yield 

limmina(t,t(/))^/' =lim{62,t,t(|e2){62|)e2)'/* = 6("-''\ (34) 

If p is strictly positive, then cl < p < I and 

emin(cr(Z.i(/))) < min(cr(t.t(p))) < min(a(t,t(/))) 

for some e > 0, hence 

limaaft'p = limmin(o-(t,t(p)))i''' = limmina(t,t(/))'''' = e""". (35) 

Assume now that p = |e)(e| for some unit vector e = a^ei + 0:262 with Q2 7^ 0. Let 
(oj^/:' p) be a subsequence of ((12'? p), and consider the corresponding subsequence {ptj,p) 
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of ifJ't,p)- Note that by Theorem |3] a2,tj.p > for all j large enough. By a well-known 
compactness result in large deviation theory (see Lemma 4.1.23 of [10] . or Corollary 5 of 
[B] for a general version), (/it^.p) has a subsequence {fitj^,p) satisfying a large deviation 

principle, so that lim a2''t ^ exists by Proposition [2] Put e~' = lim Oj^^ p, and get 
for each fc' G N, 

= h.-tl+t,^, -(^-.. (P)) = 

lim ~ 1 logminaft.t. (t.t . (p))) 

lim 3_ — logmincr(7;t -t (T.t (p)). 

Since limfc(fj^ — tj^,) = +oo, the sequence (7"**^^ -t^^, (p)))feeN,tjj^ >t^, is a sub- 

sequence of (Tst(Xtj , (p))t>o. Since Xtj , (p) is strictly positive for k' large enough, 
(1351) (with Tit (p) in place of n) implies limay*^. , , = e""'' hence 

' ^ 'k' ^ ' ; / i 2,t,T,t- (p) 

-/ = lim- — — logmincr(7;t, t, (t.t, (p)) = 

lim log a„ , . I s = a — ri. 



It follows that each subsequence of {ci2^t p) has a subsequence converging to e" hence 
hma^/'p^e"-". □ 

The following result shows that the large deviation principle as well as the expo- 
nential rate of convergence on projections are given by the eigenvalues of ,y* (|ei)(ei|). 

Corollary 1 Let {%) be a quantum Markov semigroup on M2 having an absorbing 
pure state cj|ej)^ei|, let 62 be a unit vector orthogonal to e\, and let J be the operator 
on M2 appearing in the generator {7p. Then the following conclusions hold. 

(a) J7'*(|ei)(ei|) — (77 — a)|e2){e2| with r), a as in Theorem^ 

(b) For each state u 7^ uo^^^-^i^^^'^ and each projection p £ A/2\{0} we have 



limilogtj(Tt(p)) = 




if p = |e2)(e2| 
otherwise. 

Proof. Differentiating (|27[). (|3ip . (|32[) and taking the value at f = yields respectively 
(e2,r.(|e2)(e2|)e2) = 0-77, {ei,£.(|e2)(e2|)e2) = 0, (62, £.(je2){e2j)ei) =0. By (H?} 
and the preservation of the trace we have {ei, 71,t(|e2)(e2|)ei) = 1 — e''""''-' hence 
(ei, £,(|e2){e2|)ei) = rj — a. Then (a) follows by noting that 

Jil) = :^(ie2){e2|) = C4\e2){e2\) + r/|e2)(e2|. 

Clearly the conclusion of (b) holds when p is two dimensional, so let us assume that 
p = |e){e| for some unit vector e. Since is absorbing we have 

lima;(T,(le)(e|)) = l(e,ei)|^ 
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for all states ld. When |e)(e| 7^ |e2)(e2| the above limit is strictly positive hence 
limLj(7t(|e)(e|))^''* = 1 and the conclusion holds. Assume that |e){e| = |e2){e2| and 
write Lo = LOp. We have 

mina(t,t(/)) < (62, t.t(/)e2) = {e2, t.t(je2)(e2|)e2) 

hence 

limmin(7(7;t(/))i/' =lim{e2,7;t(7)e2)''" = e"^"" 
by ((34l), and finally 

lima;p(Tt(|e2){e2|))'/* =lim{e2,Zt(p)e2)^/' = 6"-" 

for all p strictly positive since in this case cl < p < I for some c > 0. Assume now that 
p = I/) (/I for some unit vector /, and let /i be a unit vector orthogonal to /. We have 

lim(e2,t.t(J)e2)'/* =max{limsup{e2,7;t(|/)(/|)e2)'/*,limsup{e2,t.t(|ft){/i|)e2)'/*} 
hence 

liminf mina(7;,(l/)(/|))^/* < lim inf {e2, 7;t(!/){/j)e2)'/' 

<limsup{e2,7;i(|/)(/l)e2)^/' <e"-^ 

and since limmina(t.t(|/){/|))i/' = e"^-" by ^ we get lim{e2, Z.t(|/) (/Dea)'/' = 
e □ 

The existence of an absorbing pure state can be seen as some uniform (with respect 
to the initial state) large deviation principle, as establishes the following corollary (the 
implication {ii) => (i) is a direct consequence of Proposition |3]). 

Corollary 2 For any quantum Markov semigroup {%) on M2 the following statements 
are equivalent. 

(i) {Tt) admits an absorbing pure state; 

(ii) There exists a function J on the pure state space vanishing at a unique point 
such that for each state lu distinct from this point, the net of orthogonal measures 
representing (T»t(Lj)) satisfies a large deviation principle with powers {1/t) and 
rate function J . 

When this holds the absorbing state is the point where J vamshes. 

Remark 1 In [5] we defined a noncommutative large deviation principle for any net of 
states on any C*-algebra A, where all the basic ingredients of the classical theory are 
replaced by their noncommutative counterparts, using the framework of noncommuta- 
tive topology. Namely, open (resp. closed) sets are replaced by open (resp. closed) 
projections living in A**, and the rate function J by a rate operator (more exactly, 
in order to avoid possibly infinite-valued operator we use instead the bounded upper 
semi-continuous operator as the counterpart of exp— J, belonging also to A**). Since 
A = A** when A is finite dimensional, all self-adjoint operators in A are continuous, 
in particular all projections are clopen. In this simple case, by definition, a net (ujt) 
of states is said to satisfy a noncommutative large deviation principle with governing 
operator z if 

\imujt{p)^^^ = sup{A G o-{z) : pE{x} 7^ 0} for all projections p £ A, 
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where cr(z) and E^^^y denotes respectively the spectrum of z and the eigenspace cor- 
responding to the eigenvalue A (and inf0 = +00 by convention). The R.H.S. of the 
above equality can be written in the symbolic form " supj, e~^" since it is the exact non- 
commutative version of supy e"'' for Y open or closed ([5], Theorem 4.2). It follows 
that part (b) of Theorem [2] amounts to say that for each state uj 7^ the net of 

states {%t{(^))t>o satisfies a noncommutative large deviation principle with governing 
operator exp — J"* (jei)(ei|). 

Remark 2 There are situations not covered by Theorem |4] for which large deviations, 
when they hold, are trivial. There are those where there is a faithful absorbing state 
i^oo', we distinguish two cases. 

(a) ujoo \l- By Lemma[2]the hypothesis of Proposition|2](a) hold, hence (taking r = 
2) the associated net of orthogonal measures satisfies a large deviation principle 
with a rate function vanishing at the two points given by the eigenvectors of uJao, 
and infinite- valued elsewhere. 

(b) When Lo^a = \l the large deviation is equivalent to the convergence of the one- 
dimensional projections given by eigenvectors, in which case the rate function has 
the same form as above. The "if part of this assertion as well as the form of the 
rate function follow from Proposition [2] Conversely, if a large deviation principle 
holds for some net of representing measures, then necessarily the rate function 
vanishes on some point, say Lj|ei)(ei|- Varadhan's theorem implies 

lim^J'"(|ei)(ei| )= max {lim sup aj''/|{ei, ej,t) 1^} 

l<j<2 

= sup |{ii,ei)|^e""'<"l"><"l^ = 1. 
iieH,||u||=i 

Since lima^j' = limoj'^* = 1 we have lim |{ei, ej^t) \ = 1 for some j (say j — 1) so 
that lim |ei,t)(ei,t| = |ei)(ei|. Since 

lim^aj,tj(ei,ej,t)j^ = tJoo(|ei){ei|) = - 
j=i 

withlimai,t = lima2,t = | we conclude that lim |{ei, e2,t)| = hence lim |e2,t){e2,t| = 
1 62) (62 1 for some unit vector 62 orthogonal to ei. 

4 Examples 

In this section, we study a class of quantum Markov semigroups on M2 arising in a 
special instance of the weak coupling limit ([12], [TS], [5], [3]). We show that each of 
these semigroups has an absorbing state, so that large deviations follow from Theorem 
|4]when this state is pure. Before to describe the model we first recall briefly how works 
the weak coupling limit theory in this particular case ([2], 

4.1 Weak coupling limit and squeezed- vacuum state 

A quantum system with underlying Hilbert space Tio is coupled with the bosonic reser- 
voir on some Hilbert space Hi (we shall assume Hi — L^(R'^) to simplify) where some 
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reference state on the associated CCR algebra is given. We will consider a special 
case where (f) is a so-called squeezed-vacuum state, which can be defined as follows. For 
each pair of reals r, s let Tr,s be the operator on Tii defined by 



VfeHi, TrM) = (coshr)/ - exp(-2is)(sinhr)/. 

Then Tr,s is real Hnear, invertible, and so induces a unique *-automorphism of the CCR 

algebra, defined on the Weyl operators by W(f) i-^ W(Tr.sf)- The vacuum state is 
transformed by the above automorphism into the state (pr.s defined by 

V/ € Hi, ct>rAW{f)) = exp(-i||T..,/||^). 

By means of the GNS representation of the CCR algebra with state (j>r,s, we obtain 
for all f € Hi a strongly continuous unitary group {Wr,s{f))teR', let Br,a{f) denote 
its infinitesimal generator. By definition such a <f)r,s is a squeezed-vacuum state if the 
following conditions hold. 

• <prABr,s{f)) = for aU f GHi; 

• There exists / € Hi such that 

and 

<t>rA\BrAf)f)-<t>rA\BrAim^) = \\4>rA[BrAf),BrAifm- 

In the sequel we assume that (f> is such a squeezed vacuum state, and the corresponding 
Br,s is simply denoted by B; we also fix some g € ?^i\{0} and some wo > 0. The 
evolution of the composite system is given by the Hamiltonian 

= Ho (g) 1 + 1(g) Hi + XV, 

where Ho is the Hamiltonian of the system. Hi is the Hamiltonian of the free evolution 
of the reservoir (i.e. the second quantization of the one-particle Hamiltonian), A the 
coupling constant, and 

V = i{D^ {^B{g) - iB{ig)) - ® {^B{g) + iB{ig))), 
where D is a bounded operator on Ho satisfying 

exp(iti/o)-Dexp(— iiJ?o) = exp{—ioJot)D 
and for each m in a dense subset of Ho 

^ \{u,D-u)\ 

n=l ^ ' 

We put 

Ut = exp{itH") cxp{-itH^), (i e R). 

We moreover assume that the function t exp(—iujot){f, Sth) is integrable on R for all 
/, in a dense linear subspace of the domain of Q, where (St) is the unitary one-particle 
free evolution, and Q is a real linear operator on Hi satisfying 

^f€Hi, m{f,Qf)=4>{\BU)\% 
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Then, U^^-y2 converges (in some appropriate sense) to some unitary transformation 
U{i) (solution of a quantum stochastic differential equation) which induces on the 
algebra B(Ti.o) of all bounded operators on Tio a quantum Markov semigroup {%). 
More precisely, for each normal state cu on BiTio) and each x £ BiTio) we have 

lim^(a; (g) 4>)Ut/J{x ® 1)I7,%2 = uj{Tt{x)). (36) 

The generator of {%) is obtained in terms of D and some parameters depending on (j), 



4.2 The model 

We consider a two-level system so that Ho = C2 , and we choose D = ( ^ [J ) . In 



1 

this case, the generator associated to the predual semigroup arising as in (|36p has 
the Lindblad form 

VpGMz, -C,(p)= i^[DD'' - D''D,p]~ !^{D''Dp~2DpD'' + pD^'D) 

-^{DD'^p - 2D'^pD + pDD'') + CDpD + C,D'' pD\ 

where C, £<C and rj, ^ are reals satisfying rj > 0, v > and 

\Cf<i^{u + v). (37) 

These parameters depend on the (implicitly fixed) choice of 0, g, uio, as described in 
14.11 in particular, 

/-t-00 
ex.p{-iujot){g,Stg}. (38) 
- 00 

Since our large deviation results will occur when v = (equality which will be expressed 
in terms of rj) and the other ones will not play any role, we do not give them here and 
refer to [TT] . 

In order to show that each of these semigroups has an absorbing state Uoo, we 
will use the Pauli matrices I ~ ( ?)iO"i = (? r,)iO"2=('^ J h '^s ~ 



^ 1 J' \ 1 J' \ i 0^ 

'^l ) Recall that any self-adjoint operator p € M2 can be written in a unique 

way as p = i(tr pi + u{p) ■ a) where u{p) = {ui{p),U2{p),U3{p)) with Ui{p) — tr pai 
for i G {1,2,3}, a = (ui, (72, fa), and u{p) ■ a denotes the product X]i=i Ui{p)ai. The 
diagonal form of p is given by 

P = ^(1 + \Hp)\\)pi,p + ^(1 -\\u{p)\\)p2.p, 

where pi,p = + \\u'!'p)\\ ' '^^ ^^'^ ~ ~ \\u(p)\\ ' '^^ projections on the 

one- dimensional eigenspaces. Note that for each real a and each self-adjoint operator 
X G M2, tri(/ + u{p) ■ a){al + u{x) ■ a) — a + u{p) ■ u{x). 



Lemma 3 For each positive trace-one operator p G M2 we put pt — %,t{p) for all 
t > 0. 



(a) u,{p,) = e-^^'^+^^^usip) + ^) - 5^ 
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(b) i/ICP —4^'^ > 0, then there exist constants ai, 02, 61, 62, ci, C2, di, 0(2 such that 

- uiipt) = e'"i*(aiiti(p) + biU2{p)) + e'"2'(a2Ui(p) + b2«2(p)). 

- M2(pt) = e'"l*(ciWl(p) + dlW2(p)) + e'"=^*(C2Ul(p) + d2W2(p)). 

where mi = -{i^ + f ) + ^/jCF^^, ma = -{v + ^) - 

(c) //ICI^ — 4^^ < 0, then there exist constants ai,a2,&i,&2,ci,C2,di,d2 such that 

- uiipt) = e'"*((aiMi(p) + b iU2{p))cos ty/4e -\C\^) + 
(a2Mi(p) + fe2U2(p))sint ^4^2-1(12) 

- W2(pt) = e"'*((eit.i(p) + d iU2(p)) cos t^^e - |CP) + 
(c2Mi(p) + d2W2(p)) Sin V4e - ICP) 

where m — — (f + -1). 

(d) If — 4^^^ = 0, then there exist constants ai, 02, &i, &2, ci, C2, di, d2 such that 

- Mi(pt) = e2'"*((aiMi(p) + 6iM2(p)) + t{a2Ui{p) + 62M2(p))). 

- W2(pt) = e^'"*((ciWl(p) + dlU2(p)) + t(C2Ml(p) + d2W2(p))). 

where m = —{v + ^). 

Proof. Direct calculations yield 

(i) £.(/) = -r,a3 

(ii) = I - KC)ai + (2C - 9C)'^2, 

(iii) Z:.(a2) = -(2^ + 90^1 - + 2 + KC)(72, 

(iv) C.*{a3) = + ?7)a3. 

Differentiating Tit = e*^* yields = £* o Ti.*, hence the following system of differ- 
ential equations 

. = -,t..(.3) 

• = -(^^ + i - 5RC)7;t(ai) + (2C - 9C)tt(<72) 

• = -(2? + 9C)7;,(ai) - (i. + H + SR^)7;,(^2) 

• ^^^ = -{^^ + v)fA'^z)- 

with initial conditions Ti.o(-f) = I, T*tj{ai) = cri, T,o(o"2) = cr2, Xo(o"3) = (J3. We then 
obtain 

T.t(7) = 7 + _^(e-(2-+'')* _ 1)^3. 

■l*t((^3) — e ' '0-3, 
which gives (a). Put a;(i) — 7lt{o'i), y{t) = 7it(o-2). Clearly, x(t) has only non- 
zero components xi{t) on ui and X2{t) on 172; similarly, y{t) = {yi{t),y2{t)). The 
characteristic equation associated to the matrix given by the system 

f x'{t) = -(z. + 2 _ ssiQa:{t) + (2^ - ^Ovit) 

{ (39) 
t y'it) = -(2^ + 9C)^W - + i + 3?C)j/(t) 

with initial conditions x{0) — (cti, 0), j/(0) = (0, a2), is on each component 

2 

X'-K2i/-hr?)Ji:-h|--h!/^ + i/r? + 4^'-|C|' (40) 
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and so A = 4(1C12-4C^ 



Assume ICI^ - 4^^ > 0. The solutions of ^ being mi = -(z^ + f ) + a/|CP - 4^2 
and 7712 = — (i^ + f ) — — 4^2, the general solution of (|39p is 



2 ^ 

_ 1 — , /l^|2 — /1^2 fVio (Tonoral cnlii^^irin nf (f^Oll ia 

2 ^ 



r a;i(t) =aie'"i* + a2e'"2*, = Cie^i* + cae 

for suitable constants ai, 02, &i, &2, ci, C2, di, da- It follows that 

^((cri) = (aie™^* + a2e™^*)o-i + (cie™^* + C2e'"^')cr2, 
Xt(<72) = (6ie'"i* + 62e'"^*)ai + (die^i' + d2e'"^')a2, 

which gives (6). 

Assume |Cp - 4^^ < 0. Then rm = -(z^ + f ) + tVW~~W, ni2 = + §) 
^V^C^^CPi fi'iid the general solution of (|39|l is 

r a;i(t) = e'"'(aicosfy4|2~y(j2 ^„2sinfy4^2— ]^) 



yi (i ) = e™' (61 cos - KP + &2 sin ^4?" - ICP) 



2^2 



{t) = e™* (ci cos t ^/W^~W + C2 sin t ^/W^~W) 



[ y2 (t) = e™* (di cos - ICP + ^2 sin VW^~W) 

where m = — (/^ + and ai, 02, foi, 62, ci, C2, di, d2 are suitable constants. We then 
obtain 

Xt(ai) = e'"*(ai cos ^4^' - KP + "2 sint\/4?" - |CP)f^i + 

e™'(ci costx/4C2 - ICP + C2 smt^/4e - ICl')'^2. 
Zt(cr2) =e™'(6i costy^^e - KP +62 sintV4e - |CP)ai + 



e'"*(di cost\/4C' - ICP + rf2 sint^^e - |CP)'^2, 



and (c) follows easily. 

If icp - ie = 0, 

the general solution of (|39|) is 



If ICP — 4^^ = 0, then the unique solution of (gO} is 2m with m = —{f + |), and 



r = e2™'(ai + azt), Xiit) = e'"*(ci + C2t) 

\ yiit)^e^"''{h + b2t), y2(t) = e'"*(di+d2t) 
for suitable constants ai, 02, foi, &2, ci, C2, di, d2, so that 

Xt(cri) = e^'"*(ai + a2t)ai + e^'"'(ci + C2t)(T2 
7;i(a2) = e2™'(6i + fe2f)r7i + e"'"*(di + d2t)(72, 

which imply (d). q 
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Proposition 4 The state looc given by the operator pac ~ '^{I ~ l2l7+rj)'^^) o-bsorbing 
for the semigroup (7t)t>o- 

Proof. Let Up be a state and put pt = 7*t(/9) for all t > 0. The hypotheses 77 > 0, 
ICP 1^ ^^('^ + '7)5 ^ imply (with the notations of Lemma [HJ mi ma = ^ + u'^ + ur/ + 
45^ — > 0, and so mi < 0, ma < 0, m < 0. It follows that lim ui{pt) — = lim ita(pt) 
and limii3(pi) = ' hence for any p initial, and any positive x = al + u{x) ■ a in 

Ma, we have 

limtrptx — lim(a + M(pt) • U'ix)) = (a 143(2;)) = tipaoX. 

2u + ri 

□ 

The above proposition shows that u>oa is pure if and only if 1/ — 0. As it is easily 
seen from the expressions given in [11], we have 

1 /'+00 

i. = ^ 1^2^ J eM-i^ot)i{g,StQ{g)) + {ig,StQ{ig))). (41) 

Note that this holds in particular when Q — I (i.e. is the vacuum state). We have 
Poo ~ ^ 'q 1 ^ ^~ ^ii'i since = by (|37p . the Lindblad form of the 

generator becomes 

p e Ma, £,(p) = - D^D, p] - ^(D^'Dp - 2DpD'' + pD^D), 

or equivalently as in Theorem [U 

VpGMa, C*{p) =yp + py* + zpz*, 

with y = ( ^ n 1 ^'^'^ ^ ~ ( /- n ) ' particular v7*(|ei){eij) = 



i^ J \Vv 

ryjea)(e2|. 

The following large deviation result follows from Theorem |4] and Corollary [T] It 
shows that the exponential asymptotic behavior of (Xt) is controlled by the parameter 
(|38|) : moreover, it does not depend on the choice of the squeezed- vacuum state (p, 
provided that (j) satisfies the condition of (|4ip . 

Proposition 5 If v = G, then for each initial state uo 7^ tjp^ the following conclusions 
hold. 

(a) The net of orthogonal measures representing {Ttt{i^))t>o satisfies a large deviation 
principle with powers (1/t) and rate function 

if |e)(e| = Poo 
if |e){ej = I - poa 
+00 otherwise. 

(b) For each projection p G A/aXjO} we have 

-T) if p = / - Poo 




lim i log a; (Tt(p)) 



otherwise. 
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Remark 3 The expHcit expressions of T^t (i^) given by Lemma [3] (c) allow a direct 
proof of Proposition [S] (a). Indeed, easy calculations yield 

ui(pt) = e-5*(uj(p) cos(2et) - U2(p) sin(2^f)), 

U2{pt) = e'i\m(p) sin(2^i) + U2{p) cos{2^t)), 

so that 

1 - \\uM\\' = -e-^^'Cl + u,{p)f - e-^'KCp)^ + - 2{us{p) + 1)). 

If ui{p)^ + U2{p)'^ — 2(ti3(p) + 1) = 0, then necessarily u-i{p) = —1, ui(p) = M2(p) = 0, 
and p = poo, which is excluded. It follows that ui{p)^ + U2{p)^ — 2{us{p) + 1) < and 
lim(l - \\u{pt)\\^y^' = e-". Since lim(l + ||fi(pt)||)i/* = 1 and 

e-" = lim(l - \\u(pt)fy^' = limsup(l - MptW^' lim(l + \\u{pt)\\y^\ 

we get lim(l-||M(pf)ll)'''' =£"". Since pt = ^(1 + ||^i(pt)||)pi,« + |(1 - impt)||)p2,« 
the conclusion follows from Proposition [21 
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